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			         Adding and subtracting multidigit numbers

Adding and subtracting multidigit numbers
using math drawings and Secret Code Cards

Making math drawings can help students understand and carry out correct written methods for multidigit addition and subtraction. Manipulatives or math drawings are sometimes used first and all by themselves to find answers instead of relating each step with the math drawing or manipulatives to a written method. It is vital that students relate each step they do with their math drawing to their written method. Students also need to be able to explain each step in the math drawing and in the written method. We show in Figure 1 and Figure 2 examples of students explaining their methods. These methods are research-based accessible standard algorithms that thousands of students from all backgrounds have understood and explained. For discussion of these and other accessible standard algorithms for multidigit addition see Accessible Standard Algorithms for Understanding and Equity (Fuson, Kiebler, Decker, 2024) on the NCTM website nctm.org. For discussion of accessible standard algorithms for multidigit subtraction see Accessible Standard Algorithms for Understanding and Equity Part 2: Multidigit and Decimal Subtraction, Multiplication, and Division (Fuson, Kiebler, Decker, 2024) in Publications on karenfusonmath.net or karenfusonmath.com. Other places that discuss and demonstrate using math drawings for multidigit addition and subtraction and using these accessible standard algorithms are listed at the end of this paper.

Math drawings help students see and understand the quantities, the hundreds, tens, and ones, involved in multidigit numbers. Secret Code Cards help students maintain these quantity understandings in the face of the single digits they see in written numerals:  They see 486 and not 400806. We call these Secret Code Cards because they show the secret code of numbers. These cards can be layered on top of each other to show the number as it is written in single digits (on the right below) or taken apart to see the place values in the expanded notation of the number (on the left below). The numeral side has tiny numbers on the top left so that the place-value expanded notation version is shown even when the cards are layered to just show single digits. The Secret Code Cards help students use both names for groups of ten, the English word eighty for 80 and the tens word 8 tens. The backs of the cards show hundred-boxes, ten-sticks, and ones-circles so that when these backs are layered they show math drawings such as those students draw.  The drawings on the backs of the Secret Code Cards show all of the dots on each ten-stick and all of the ten-sticks in each hundred box. Math drawings made by students are simpler (see below the Secret Code Cards) so having students relate their math drawings to the backs of the Secret Code Cards is important for them to make all of the quantity connections among drawings and written numerals.

Figure 1   
Secret Code Cards Fronts and Backs Unlayered and Layered and a Student Math Drawing
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To create an inquiry environment, instead of putting pressure on students to do the method you are introducing, you can start in this way:
· I saw students in another class using this method. Let’s see if we can understand it. I will do it step-by-step and we will all try to explain each step after I do it. We will explain what happened in the math drawing and also explain what we wrote in the numerical problem. Then you all will have chances to do other problems in this way and explain it.

Figure 2   
Math Drawings and Explanation of An Accessible Standard Algorithm for Multidigit Addition
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Figure 3  
Math Drawings and Student Explanation of the Accessible Multidigit Subtraction Standard Algorithm Ungroup Everywhere First as Needed, Then Subtract Everywhere
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The other accessible multidigit addition algorithm is Show All Totals in which the digits in each column are added and written below the problem.  Students can add from the left, which many prefer, or add from the right. Many students like this method because they can see the quantities written out symbolically as hundreds, tens, and ones. Secret Code Cards can help with this method as the numbers can be made with the cards and then unlayered to show the quantities.

Figure 4  
Sow All Totals Accessible Standard Algorithm and Secret Code Cards
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For more detailed explanations and videos of students using math drawings to solve and explain multidigit addition and subtraction using accessible standard algorithms, see these sources:

	What to see
	Where to go

	To watch first graders explaining math drawings and three multidigit addition standard algorithms
	Please go to https://karenfusonmath.net/classroom-videos/#C-Longer-Classroom-Teaching-Examples and play Grade 1

	To watch Karen Fuson explaining math drawings and three multidigit addition standard algorithms along with students from several grades solving problems
	Please go to https://karenfusonmath.net/classroom-videos/#B-Math-Explanations and play Multidigit Addition

	To watch third graders explain 3-digit subtraction accessible standard algorithms
	Please go to https://karenfusonmath.net/classroom-videos/#C-Longer-Classroom-Teaching-Examples and play G3 Multidigit Subtraction.  

	To watch fifth graders explain 7-digit subtraction accessible standard algorithms
	Please go to https://karenfusonmath.net/classroom-videos/#G-Place-Value-and-Multidigit-Addition-and-Subtraction and play the last video G4 Explaining 7-digit subtraction.
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Math Drawing and Problem

Explanation Using Place-Value Language
About Hundreds, Tens, and Ones

Write problem and make drawing

| drew three hundreds, four tens, and six ones to show
three hundred forty six. | wrote one hundred,five tens, nine
ones below three hundred forty six in my problem, but |
did not draw it because it is already part of three hundred
forty six. To subtract, we separate the total into two num-
bers, the number we are taking away and the number that
is left. Here | drew my magnifying glass around the total

to remind me to check if | need to ungroup to get more to
subtract.

Ungroup 1 hundred (solving left to right)

G

| checked to see if | need to ungroup left to right. | can do
it right to left too. So here in the hundreds | can take one
hundred from three hundreds, so that column is OK. In
the tens column, | cannot take five tens from four tens be-
cause five is more than four. So | need to get more tens
to go with my four tens. | open up one hundred to make it
be ten tens. Here | wrote my ten tens in two rows of five
s0 you can see them clearly. And in my problem | showed
that ungrouping by crossing out the three hundreds and
writing the two hundreds | have left. And the four tens be-
come fourteen tens here. So I'll be able to subtract the
tens.

Ungroup 1 ten
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Now | check to see if | can subtract the ones. Nope. Nine
is more than six, so | need to get more ones also. | open
up one ten here to show that it has ten ones hiding in it.

| write them in two rows of five so | know | made exactly
ten and you can see them. In my problem | ungrouped by
taking one ten from the fourteen tens and writing thirteen
above in the tens column. And the ten ones make sixteen
ones with the six, so | write sixteen at the top of the ones
column.
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Now | can subtract in every column. | can go in either direction. I'll
go left to right again. | take away one hundred in my drawing, and
one hundred is left. My problem agrees: | take away one hundred
from the two hundreds and write the one hundred that is left. I'll
subtract five tens from thirteen tens and get eight tens. | just know
that. But here in my drawing I'll take the five tens from the ten
tens, and | can do make-a-ten if | don’t know thirteen minus five.
See, five more left in the ten and the three in thirteen make eight.
For the ones | can use Karen’s pattern she just explained, that the
teen total is one less than the ones added on to a nine. So sixteen
minus nine is seven. See here in the drawing, you can see the
one extra with the nine that gets added to the six ones to make
seven ones. Are there any questions? Yes, Sybilla?
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Student Question

Explainer Answer

Sybilla: Doug, why didn't you subtract six ones from nine
ones to get three ones in the answer?

Because we have to subtract the addend from the total. Six is part
of the total, so we have to subtract from it. But we can't, so that’s
why | had to get more ones here. Good question, even though |
know you know this. Hank?

Hank: What if you checked your hundreds and the bot-
tom number was bigger? How could you subtract?

| couldn’t. The total has to be bigger than the addend | subtract
because that addend is just part of the total. But sometimes |
write the numbers backwards, so | check the problem again if |
can't subtract the hundreds. Efrain?

Efrain: How would your problem be different if you had
ungrouped right to left?

Only the tens place would look different. Remember how we did it
both ways and talked about this yesterday? And look at Yeping’s
problem. He ungrouped right to left. The tens place looks different
because you ungroup one ten to make ten ones before you

get ten tens. So you write three and then thirteen. But | end up
with thirteen, so the ungrouping gets the same number in each
column ready to subtract.
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Explanation Using Place-Value Language
About Hundreds, Tens, and Ones
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| drew one hundred, five tens, and nine ones to show one hundred fifty nine,
and here below it | drew one hundred, eight tens, and seven ones for one hun-
dred eighty seven. | put the ones below the ones, the tens below the tens, and
the hundreds below the hundreds so | could add them easily.

See here in my drawing, nine ones need one more one from the seven to make
ten ones that | circled here, and | wrote 10. That leaves six ones here. With the
numbers the seven gives one to the nine to make ten that | write over here in
the tens column, see one ten. And | write six ones here in the ones column.
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With the tens, | start with eight because it is more than five so it is easier. | get
two tens from five tens to make ten tens, see here, and | write one hundred here
to remind me that the ten tens make one hundred. There are three tens left in
the five tens and | have one more ten from my ones (see here in my drawing
and the one ten at the bottom of the tens column). That makes four tens and
the one hundred. So in my problem | write the one hundred below in the hun-
dreds column and the four tens in the tens column.
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There are three hundreds, two in the original numbers I'm adding and one new
hundred from the ten tens. | write three hundreds here in the hundreds column.
Are there any questions? Yes, Stephanie.

Student Question

Explainer Answer

Stephanie: For the tens, you never said
fourteen tens as the total of the tens. Why
not?

Because when I'm making ten tens, | just can write that one hundred over here

with the hundreds and just think about how many tens | need to write. But | can
think eight tens and five tens is thirteen tens and one more ten is fourteen tens,

so that is one hundred and four tens. You can do it either way. (Aki)

Aki: Do you still need to make the draw-
ings or did you just make them so you
could explain better?

| don't have to make the drawings, but | can explain better with a drawing be-
cause you can see the hundreds, tens, and ones so well. (Jorge)

Jorge: Do you do make-a-ten in your
head or just know those answers?

I just know all of the nine totals because of the pattern: the ones number in the
teen number is one less that the number added to nine because it has to give
one to nine to make ten. So nine plus seven is sixteen. | just know that pattern
super fast. For eight plus five, | do make-a-ten fast, sort of just thinking five
minus two is three, so thirteen. (Sam)

Sam: | know five and eight is thirteen,
so why did you write a four in the tens
column, Karen?

Because | had one more ten from the ones. See here in the drawing: nine
ones and one one from the seven ones make ten ones. | wrote 10 here to
remind me, and here in the problem | wrote the new one ten below where | can
add it in after | find thirteen. You have to write your new one ten big enough to
be sure you see it.

Sam: Oh yes, | see it now. | can see the
new one ten when | write it, but | couldn’t
see yours.

OK, thanks. I'll write it bigger next time so everyone can see it.





